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FORMULAS FOR REFERENCE

sin (A+ B) =sin Acos B+ cos Asin B sinA+sinB=25inA+Bcos%

cos(A+ B)=cos Acos B¥sin Asin B sinA—sinB=2cosA+BsinA;B
tan A+tan B -

tan(AiB)=——_rl an cosA+cosB=ZCosA+BcosA B
1¥tan Atan B 2 2

2sin Acos B =sin (A+ B)+sin (4— B) cosA—cosB=—2sinA+Bs' %

2cos Acos B=cos(A+ B)+cos(4A-B)

2sin Asin B =cos(A4 - B)—cos (A4 + B)
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SECTION A (50 marks)
23
1. Expand (5+x)* . Hence, find the constant term in the expansion of (5 + x)* (1 ——) . (5 marks)
x
(54x0%

= (625 + 500 4 (GOx™+ 20%> + X 7)

(G450 (1-2)

- b
= (b25+S00% * (§0x™+ 20x + ><4>(‘ X *rTETRe

- ConStaut —form, = (625)(1) + (S00)(-6)+ ((SOY (2) +(29)(-])
= -335 .
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2. Prove that
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3. Consider the curve C: y=2¢*, where x>0 . It is given that P is a point lying on C . The

horizontal line which passes through P cuts the y-axis at the point Q. Let O be the origin. Denote
the x-coordinate of P by u.

(a)  Express the area of AOPQ interms of u.

(b) If P moves along C suchthat OQ increases at a constant rate of 6 units per second, find the
rate of change of the area of AOPQ when u=4 . I

(5 marks)

- 2"

(o) When x=u 3
Coorduate of @ @ (o, 20%)
o N(ea O{:AOPQ\ - -‘.5(%)('2(2,“)

= MQ“ S, Uunet
\

(v) g% (hvea of A0RR) = u %C(Q“) + @ Sl

Whey u=4 . Q"= 0"

S (Byrea of «oPQ) = (¢)(6) + Q‘*(’;ﬂ

= 23 o uat S—‘//

|

e
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2
4, Define f(x)= 2+—)i+l forall x=1 . Denote the graph of y=f(x) by G. Find
x f—

(a)  the asymptote(s) of G,

(b)  the slope of the normal to G at the point (2,11) .
(7 marks)

(a) Vertial aSqeptoto 1 X =
< &

JtlLQr tk';jwv\;*(o‘m(s) L)
\hown x fonds to £ 0 o) fody fo 2ct3

Asumptotes, ar@ X =1 oaud y=xt3
<J D,

Oc = O Clhx+ D) = (23 x4 1)

() £(x) = = 1)° -
Lley =) = 20t =%~
= (e =)
22X =Yy =2
= (=)
2(%?*-2%=1)
= =)
r_22-1)
Put x=2, +/¢(x) = 2G C=2=-A)
- -2

1
g[o\?@- of nor mal G = E‘T ‘1

N7

X
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5. (a) Using mathematical induction, prove that Zn:(—l)"kz =Li—1)f’;(ﬁ9 for all positive
integers n . -
(b)  Using (a), evaluate 3233:(—1)"“k2 .
k=3
( | %_\ 2 _ -0 latt) (6 marke)
a) Let  Pla) = ( l) k 2
For w=1\ L.H.s. ﬁco W = -
R.HS.= ;’%(—‘iﬁ =~ = L.HS
P 3¢ frue .,

€S U \Cor

Bssui~e . P(3)

ro. S (\—JO“kz G
=
€

Tor V\=J.(.\ , L.HS.:E‘:(-\)K\:
= ki R+ (I \+|)
= RGO o I G '\"()

(MQlAc(-W 355 Upton)

= —\)5('\+\)]’ <+ (~0(3f01
= ) (\*\)(‘ b 1>
= )~‘+‘(2+\)ch1)
= RHS.

St F(\/}{-\) S also  True .

Bf)‘ €be, \grznd\ﬂa. of M.x. PCa) s 4rao. for all

.

0o Sitle. T.409ers
! B

SonQ.  WoScfe  -Raers |
\ J )
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6. (a) Prove that x+1 isa factor of 4x> +2x*—-3x-1.

(b) Express cos36 intermsof cos@ .

% () Using the results of (a) and (b), prove that cosif’—:%‘/j— :
| (6 marks)
(a) Lot PG T %5’ +2%™ =3x |
Whew x= =1
Pl-1) = 4 (-0 4201 -3(-0 =)

- O

%j Factor  €leorom , (€ s a fachr of

Go % 25" =3y —|

(b) s 30 = metmy—eocer)
= % (20« 8§)

= 0520 0508 = ¢wm 20 s
= (2050 -Dcos® = (2500 cos0) ctu®

= 2035}9- 0.8 — ’2(\ -Qo$193 cosB

2 0s%) ~we® - 2csf % 2 0s>0

= 4 039 —2ps D "

T 3 T
() s = = b oo € = 3ens (by (b))
L et x = Cos < )
3T
caS. G = 4)(3 - 2%
3T 2 2z
s T+ 2= = by® 4 2% =3 - |
= (0 (x® 2 = 1) (by ()
cos%t‘-choSi%—\ = (@5%{_\)(4(05‘%_-2@5%_\\

|+ oS =
= (cog%_-\—\)(%‘_—‘j‘l —‘.lcos%~(\

= (<05%+l> (o)

T 1
s = = | =12

Answers written in the margins will not be marked.

2016-DSE-MATH-EP(M2)-8 8

Answers written in the margins will not be marked.



Answers written in the margins will not be marked.

L

G B 2 =TT )

o
ER I
- =
= = oS <
_ -8
— & /
4
Answers written in the margins will not be marked.
2016-DSE-MATH-EP(M2)-9 9 | Goontothe nextpage>

Answers written in the margins will not be marked.



Answers written in the margins will not be marked.

7. (a) Using integration by substitution, find I (A+i+1)2 dr .

‘\&((b) Consider the curve I': y=4x?—4x , where ‘ 1<x<4 ’ Let R be the region bounded
by I', the straight line p =48 and the two axes. Find the volume of the solid of revolution
generated by revolving R about the y-axis.

(o) S e )&
(L« 2T + 4t+1) &t
(4 472 + 2 ey ) d%

= \:J—E;-\- 2t + 2-7‘;(’:*\)%1 < C
= 34t e ¢ 4 &i(-th)}/,_'kc//

(b m@mvmﬂ W

(8 marks)

]
L/‘\ (../5

///4////1/
o ek

= ly " - by
4 * Jlo- HDCy

= (%)

= %i;—,!\-(-i
Ty [y <1 )
K= ROt G
;v@wm x=h , y=4b.
S r Trargayly - fomoy
= 1S O BT dy - w(49)
= Bl gtag e SY*]T - con
(by (=)
N

3

Q

>

<

g
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/

|
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8. Let n be a positive integer.

10
(a)  Define A=(1 1) . Evaluate

(@ 42,
() 4",
i) (4H" .

(b)  Evaluate

) nZ_IZ",
k=0
3y 1 0Y
(ii) (1 2).
. (8 marks)
\ o \ o
() () {’\:<(l(\\>
= (o)
T
Vo "\O\ e
(i) P\3=(\1\\,(\\1):(\2\>
NS (VON [V o oo
a NS A S R S AN T Wy
S We can observe fuot
£ = (0 %)
N {/
Cian) det (8) = |
- \ o
P\\:_{_(-\\):(-\\O\\)
/D\sqi: (\-\?\)(—\?)5 (-\10\
(A 2= (o0 )= (N %)
) T -

S.‘—""-?K""‘(y, Wl Caan Ob$Qf\/Q, Tt

(.P\'—«Y": ("'\V]O\ r//
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SECTION B (50 marks)

9.

Let @ and b be constants. Define f(x)=x>+ax’+bx+5 for _al_lﬁgl_numhe;s_i—.g Denote the
curve y=f(x) by C. Itisgiventhat P(-1,10) isa WOint of C.

(@ Find a and b. (3 marks)
(b) Is P amaximum point of C? Explain your answer. | (2 marks)
(c) Find the minimum value(s) of f(x) . (2 marks)
(d)  Find the point(s) of inflexion of C. (2 marks)

(¢) Let L bethetangentto C at P . Find the area of the region bounded by C and L. (4 marks)
(a) L) = 3x*+ 2ax £ b
£(x) = bx + 20

S Siace P(-U fo) 3 a fucas

9 PR
F'e=0 =

@)
LED4 2a = ©
3

a =

Lon

7

Put (-t kO> , o= (=1 +3(-10"+ b(=1)+S

b= -3,
fy

(b) )= x” +3x*-3% +S

)= 39 «bw -3

ol £(-0= 3(-1t6(-0-3 =@ -b Fo

P & vot an octrome peit of C.

P 5 wot & L\—\O\KEM(‘}W\ Po't-‘ﬁ O'F C.
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Ce) Get £ = O,
Ixitbx =3 T ©
> = % -1+ [
\ ><<—\—§1\ - -5<x < —\-eﬁ\ £ x 7 -\t
R \ €W \ -ve \\' < Je
<. (-\’tﬁ,'\’(ﬂq&)\)% 3 A memimum potat.
J Minzedm volue of F0) = (-1t H)
= ('\’fé‘z)s’(’s(-\-eﬁ)x_z(ﬂﬂ‘z)ﬁ
= (435 -3G) «25)+3 (120 g0 )¢ 3 -2 <
= -LkZ+ .
(d) Set £°(x) = o,
bx+ 6 = O
> .= =\

w \x<-\\x>—\

—F”(x)\ - e \ <ve

(“,'F(“))-‘—(“,(o) S Ly \po’z.,.f O'F ;47C(Q)<Zov\ .

(@) &> £(-0 = 3GD%e(-0-3=-6

Ed{wﬁ?m of L= j—\o = (k<)

bxty ~% =0
2

Requeed Birea = (© Ctax -3 45) ~ (k-bx) dx

-1

(‘Or DB 2 ..\ Mas
=) R S

Q

=1

i
= e 3 3
& TXx t3x +xl

- L

— Qq‘ Tk ly
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10. (a)

Let f(x) be a continuous function defined on the interval [0, a] , where a is a positive constant.

e—

Prove that [ f(x)dv={" fa-w)dv . (3 marks)
0 0
(b)  Prove that J‘Z ln(1+tanx)dx=j‘z ln( 2 )dx (3 marks)
0 0 l+tanx
(¢) Using (b), prove that F In (1+ tan x) dx = F02 (3 marks)
0
z 2
(d) Using integration by parts, evaluate j‘ 4 X5 X (3 marks)
o l+tanx
du
(a) lef w = a=-x & = )
\r\)l/\QM X2, w=a.
X= 0, W=g9g ,
LHS. = f3f00dx
= (0 fa-w (-dw)
= ji‘,?(a— w) du
= Jofla-0d = R.HS.
() tet £x) = €n (1t tqux)
T(’-x)= Lu (1 f‘%\(%-x\)\
= g (1 =Bt
A (S Ste -3 U
— a0 [ . | - 'Eﬂw\)(\
ot ! (4 Tanwx )
- Lv‘ L€ foux £ (- fanx \)
\ = f‘tv\s(
<
EmE At W I W P "y
o
By @) Sofoodx = (556 d
< {4
Put 0= % (T"— In (15 S ) dx = (\E ﬂm(n:%\dx
7 Jo T TRy
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k(¥
(c) Y:‘EQAAU-&-'&G»\X):\X = gffgn(\—;ﬁw—x)dx
j%, D (% tan x) dx = \-%im’zdx - ﬁ‘i? Lo (it fanmx)dx
-ZJ% h (\te.x)dx = K fn 2d%
- S-;!ff/v‘(‘{'ﬁow\x>d«‘ﬂ = ,le [qu—
- 'nlu'l
- % .
44
xsecx
(d) \SE L€ fan x Ax

n I
[x fn G ) S -S‘E fun (£ 4aux) dx
Secx

( &d; Qv\(\-&'&wx) 7 (£ fawx

E%L"\(\'('fa"‘%)_ol - T(—%“—E (?(ouec& A (C)>

o P %Xﬂ\—l

-_g'f,v\'l

ya

o
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11. (@)  Consider the system of linear equations in real variables x, y, z

x 4+ y - z = 3
(E): <4x + 6y + az = b , where a and b are real numbers.
5« + (I-a)y + @Ba-z = b-1

(i) Assume that (E) has a unique solution.

—

(1) Provethat a=-2 and a#-12.
(2) Solve (E).

(ii)  Assumethat a=~2 and (E) is consistent.
(1) Find 5.

(2) Solve (E).
(9 marks)

(b)  Is there areal solution of the system of linear equations

x + y - z =3
2x + 3y - z = 17
S5x + 3y - 7z = 13
satisfying x* + y2 -6z2 >14 ? Explain your answer. (3 marks)
@ Yo
AN b A \
g l-o_ 2a-)

= 6(3a-1) —4(l-a) £Sa ¥ 20 ~k(Ba-1)-a(1-a)
= Ba-6b -4 +ka €Sat30 - 20+t —a <o

= o ke €24
(at2) (atlz)
(g) _has ustque S WE Ty
& F O
(QH)(O\{'H) £ o
a# -2 oand aF -(2

b= \z ‘19 —o‘« \
\b'\ t-a Ba-(\

=~ R~ “bCi-a) < alh- O+ o(b-1) = 3al-0)-blal
= B 5k -\ -brobftab~a bbb -Jatza -bth
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= 30«1<—9Oa -ab +6b - 2%

)

\ 5 —\ \\
L b o
S b-\  3a-)\ \

-
|

= bBa-0+4 COB-VD)+ 52 £8b - 12(3a-D —a(p-1)
= 2ab-b b+t & <« SatSh- 3bat\2 —ab %o

= —20a0 + 2ab + (L

T e
r = \
\“5 (-0 \?—\\

= 6(b-\) « 2 (l-a) +$b—&10— &(b-)- b(1-a)

> bh-G % (z-12a £ 5b -0 -4bt& -btab

> -4 + bb <ab - 80

0 b en g (301*500‘0b\‘5b-2“( , —20a%2abt(b , N
\ —\t bbtab-&
y
: ” ‘ -—‘ (1 3 ~,
%(OO(H)(() (,‘ ¢ ) \ b \
.t o & j
\ C 3 -3 \ b-1
—_— ( L ( \7\ \ \3.-\\ (-QK‘-’VR'L_j K-L\
\ cuy —Ll -1 \g:;;} T=SRA Ry =S Ry /
= (L RPN (AR
\O } \ \_—L%_(_g) ""R}e‘Ks/
(‘ \ - 3 )
— o) 1 \ \%—%\ (-Rl-ﬁ-R;%R}
p Nd o 0 | p-w )
St S SR
) Hea-wo
N ox= b -(¢
C (B S comsTstest .
U T Y
//
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W

() i) (2) bk ((<*3 ¥
\7——\'&,{ VAR

o.=.0

——

(€ = =% where £ cam be a“\/\/ V(l‘lk Aunber .
=1-% x = 34+-(l-%)= 2t %2

v
)
e solulon 7y (2€%2 . 5 ,.t)

Ve £ cpe R %7/ revl  Lu—ber .

(&) Put 0=-2, b=
x €9 -=% = i
{-& T E T
Sw % 39 —X% = 1>
= -/
(‘X-(-j -7 = 3
— {t(‘kx-&%‘\‘l‘k): % (&)
ooy By AR o T S I )
\ax\:) A I
LS T 3
— 5,‘:**&»3 + 2% = (¥
USR=39 =33 273
%Lq @), solution & (zet2, 1-% , )

xm'(‘j”—b:et > &
(22) £ (=6)' -6k~ > & 1§
bo Rt + € -kt ~ot > 14
—t'et -9 >0
-x-3)" »o
(-6—3)1 < 0
(£-3) =0
S (£-3)<0  hes we real Voot for €

- NOI, <0 (2 T wno real™m solufion o‘? AR Sy Ston |

Qvtﬁlsf'v ,
/
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12. Let a=2j+2k , 53=4i+j+k and 513———i+tj , where ¢ is a constant and O is the origin. It is
given that P is equidistant from 4 and B.

(a) Find ¢. (3 marks)

(b) Let OC =2i- j+4k and OD =3i+ 2j+5k . Denote the plane which contains 4, B and C
by IT.

@) Find a unit vector which is perpendicular to 17 .

(ii)  Find the angle between CD and I7 .

(iii) It is given that E 1is a point lying on I7 such that DE is perpendicular to I7 .

Let F be a point such that PF =PA+PB+PC . Describe the geometric relationship
between D, E and F. Explain your answer.

W

a/s//f/ 7z <</ />/ /73

(+1\+1 \

[ 4 =g

(10 marks)

ANESE ¥
T ———
\pe- ®3 = [BP. 8P

(5P =50 GP-3h) = (5b-oB) (0P -0B)
(7 + ¢ ﬂ\ 2\<7 (Tect- z)\-z\O = (8 «t- \)\ \J (~3m(t—)A @\)
L4 (t-) 2 4 = 0 4 (£-0%« \

T+ £ -4t 4 = (04 €% -2¢€+ |
t* = -1,
7/
AN A
() NB -4?-J-Q
#Te = 1?~“>/;+1§
RN \’J‘ ~ D A A
Bxhe = | 53 k| - st ool -tk
¥ L S | -
L2 52|
u l@x&é\ = A(-S>1+(—\o_&;+(~\o¥t (S
. RQC!:ME‘Q,d warf Yocfor = \ ABx A
AN 2N 7./\
= -3i-3) -3k

7/
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